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Outline

This talk is about subinearly quasisymmetric homeomorphisms
between metric spaces:

How do they compare to quasisymmetric homeomorphisms?

Where do they come from?

How to produce some?

Do they preserve invariants?

What are they good for?
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how do they compare to quasisymmetric homeomorphisms?



Quasisymmetric homeomorphisms

Z, Z′ are metric spaces.
η : [0,+∞)→ [0,+∞) is an increasing homeomorphism.
A homeomorphism f : Z→ Z′ is quasisymmetric if for any distinct
x, y, z in X and t > 0,

d(x, y) ⩽ td(x, z) =⇒ d(f(x), f(y)) ⩽ η(t)d(f(x), f(z)).

Tukia-Väisälä: if Z, Z′ are uniformly perfect (e.g. connected or
Cantor) one may assume η(t) = sup{tα, t1/α} and quasisymmetric
homeomorphisms are biHölder continuous on bounded subspaces.
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Rings and asphericities

Let t ⩾ 1. A pair of subsets (a,a+) of a metric space is a t-ring if there
is a ball B such that B ⊆ a ⊆ a+ ⊆ tB. radius(B) is an inner radius
and τ = log t is called an asphericity for (a,a+). If a = a+, round set.

A η-quasisymmetric homeomorphism sends t-rings to η(t)-rings: it
preserves bounded asphericity.

Definition

Let σ ∈ (0, 1). A family of rings (an,a+n ) with inner radii σn and
asphericities τn is said to have sublinear asphericity if τn ≪ n. A
homeomorphism is sublinearly quasisymmetric if it is biHölder
continuous and preserves sublinear asphericity.
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Sublinear asphericity is preserved

τn = O(
√
n) τ ′n = O(

√
n)

Figure: Round sets and their images in Euclidean R2.
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where do they come from?



Hyperbolic cone and Gromov boundary

The quasisymmetry class of Z can be considered a Gromov boundary
of a large-scale structure or hyperbolic cone Y = Con(Z).

Z = ∂∞Y Y = Con(Z)
Euclidean Rn Hn+1 = {scalar dilation group}⋉ Rn

Subriemannian Heisn Hn+1
C = {Carnot dilation group}⋉ Heisn

Unipotent R2 {unipotent dilation group}⋉ R2
Diagonal R2 {diagonal dilation group}⋉ R2

q.s. homeo Z→ Z′ quasiisometry Y→ Y′

Sublinearly quasisymmetric homeomorphisms Z→ Z′ are boundary
maps of sublinearly biLipschitz equivalences Y→ Y′, that are
isomorphisms of the sublinear large-scale structures arising from
work of Cornulier and Dranishnikov-Smith.
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Self-similar (nongeodesic) planes

Space Normed R2 Unipotent R2 Diagonal R2 (µ > 1)

Dilations
{(

eτ 0
0 eτ

)} {(
eτ τeτ
0 eτ

)} {(
eτ 0
0 eµτ

)}

∼ σn

∼ nσn

Unipotent R2 and Normed R2 are
sublinearly quasisymmetric, τn = O(logn)

∼ σn

∼ σnσ(1−1/µ)n
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how to produce some?



A method to produce sublin-q.s. homeos (I)

Ingredients

∙ The Lebesgue measure λ on [0, 1],

∙ A decreasing (ϵn)n⩾0 in (0, 1) going to 0 but not in ℓ1,
∙ An infinite rooted binary tree,
∙ ℵ0 independent random variables uniformly distributed in {←,→}.

1st step: Obtain a random measure M on [0, 1].

1

1→

λλ1

1 + ϵ0

1− ϵ0

λ2

← ←
λ3

← → ← → M = limn λn
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A method to produce sublin-q.s. homeos (II)

2nd step: Take the primitive ϕ : [0, 1]→ [0, 1] in the distributional
sense.

∙ ϕ is not absolutely continuous. The derivative is λ-a.e. 0. The
modulus of continuity deviates sublinearly from that of a Lipschitz
function: log |ϕ(x)− ϕ(y)| ⩽ log |x− y|+ v(log |x− y|), sublinear v.

3nd step: To get a sublinearly quasisymmetric homeomorphism of
the square (torus), consider a product map Φ = ϕ1 × ϕ2, where ϕ1
and ϕ2 are as previously. It is not ACL.

∙ Proposition

ϕ and Φ are sublinearly quasisymmetric. The asphericity distorsions
at scale s for ϕ and Φ are bounded by (

∑
n<log2 s

ϵn) (in fact they are
a.e. much lower).
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do they preserve invariants?



Dimensions

The topological dimension, the conformal dimension are invariant
under quasisymmetric homeomorphisms.

Cdim(Z) = inf
{
p > 0 : mod{τj}p (nonconstant curves in Z) = 0

}
.

{τj} are asphericity parameters for Caratheodory/packing measures.
Can be sublinearized and sometimes computed using the diffusivity
lemma from conf. dim theory.

Space Sublinear conformal dimension
Normed R2 2
Diagonal R2 1+ µ

Carnot group with CC metric d Hdim(d)
Self-similar (nongeodesic) nilpotent trace of the generator of dilations.
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Spectra

Rk1. Conformal changes of
metrics preserve the
Dirichlet energy of
functions.

Rk2. Lower bound on moduli↔
lower bound on energies.

f≡
0

f≡
1

E{τj}p (f) ⩾ mod{τj}p (Γ)

One can define functions of locally bounded p-energyWp; if φ is a
sublin-q.s. homeo thenWp(Ω)

∼→Wp(φ−1Ω) for Ω an open in the
target. Wp(Ω) is a Fréchet algebra whose spectrum is a quotient of
Ω, the largest space of leaves that it separates.
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what are they good for?



Metric geometry of neg. curved 3-dim Lie groups

Metric classifications of Lie groups (with left invariant Riemannian
metrics): quasiisometry, sublinear biLipschitz equivalence, may be
made isometric.

Csq of Xie 2011 and of Carrasco Piaggio 2014)

Two three dimensional (solvable) negatively curved Lie groups are
quasiisometric if and only if they can be made isometric.

Csq of P. 2019

Two three dimensional negatively curved Lie groups are SBE if and
only if they can be made isometric to each other, or to H3 and
{Unipotent dilation group}⋊ R2 respectively.

Method 1. Sublinear conformal dimension→ trace.
Method 2. (Work in progress) gap in Topdim(spectra(Wp))→

eigenvalues.
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Higher dim neg. curved Lie groups: overview

same dimension

same trace of gen(dilations)

same real part of egvs

same real part Jordan form

may be made isometric
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